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We revisit the question of quantumness of thermal machines from a quantum information point
of view. As an example we choose a one-qubit Szila´rd engine and ask when it can be considered to
be truly quantum in the sense that the work output of the engine cannot be described by classical
statistics. A truly quantum demon can exploit the correlations between the work medium and the
surrounding bath. We will formulate the problem as a semi-device independent test which leads
to a quantum steering scenario. While in a classical Szila´rd engine an objective description of the
medium always exists, any such description can be ruled out by a steering task in the true quantum
case.
Introduction — Experimental progress has led to un-
precedented possibilities of preparation, control, and
measurement of small quantum systems, where quantum
and thermal fluctuations have to be considered on equal
footing. In particular, fundamental concepts of thermo-
dynamics have been revisited from a quantum point of
view. This has led to a quantum interpretation of ther-
mal states [1–4], the development of quantum fluctua-
tion theorems [5–15] and the concepts of quantum heat
engines [16–24]. One of the key points in these investi-
gations is the question what is fundamentally quantum
about these extensions? For instance, whether and how
is a quantum heat engine qualitatively and quantitatively
different from its classical counterpart? Is quantumness
useful in thermodynamics? Influences of quantum fea-
tures like coherence [25, 26], discord [27] and entangle-
ment [28] on the efficiency of quantum engines have been
reported, which show that the answer can be positive
under suitable conditions. However, other investigations
show that quantumness can even be a hindrance for effi-
cient thermal machines, which can be regarded as classi-
cal supremacy in such situations [29–31].
In this Letter we want to investigate quantumness of
thermal machines from a different perspective. Are the
quantum thermodynamical systems inherently quantum,
that is, are the statistics measured in an experiment in
contradiction to any classical description? Even though
this question is at the heart of quantum information the-
ory, it only rarely appears in the context of quantum
thermodynamics [32].
Quantum Szila´rd engine — The prototypical exam-
ple we want to study is a quantum modification of the
well-known Szila´rd engine [33, 34]. The classical version
consists of a single atom in a box which is in contact
with a thermal bath. In equilibrium the atom is in a
Gibbs state, a statistical mixture of different phase space
points. For work extraction, a Szila´rd demon has knowl-
edge about the microstate of the system.
So far, quantum versions of this heat engine have been
investigated using different underlying systems [19, 21,
35–37]. In these examples the demon uses quantum mea-
surements in order to obtain knowledge about the state
of the work medium. Accordingly, only local properties
of the heat engine are ever considered. In this Letter
we want to exploit the fact that such a local thermal
state arises naturally from a global entangled state of
the work medium and its environment, as supported, for
instance, by the eigenstate thermalization hypothesis [1–
4, 38]. Our scenario for a quantum Szila´rd engine rests on
quantum-correlated engine-environment states. In con-
trast to previous proposals, a truly quantum Szila´rd en-
gine can be revealed when the demon obtains her infor-
mation from measurements on the environment rather
than the work medium. This indirect measurement sce-
nario has the additional advantage of not disturbing the
local state of the engine, thus avoiding the issue of inject-
ing energy by quantum measurements. We verify quan-
tumness of the Szila´rd engine by deriving work extraction
bounds for particular scenarios which cannot be violated
by any classical statistical description. Our proposal can
easily be implemented on a four-qubit quantum simula-
tor.
Qubit work medium — We consider a qubit system
S with local Hamiltonian HS = |1〉〈1|. Its thermalized
Gibbs state is given by
ρGibbsS =
1 + η
2
|1〉〈1|+ 1− η
2
|0〉〈0|, (1)
with η = e
−β−1
e−β+1 < 0 and β =
1
kBT
. Locally, the Gibbs
state can be seen as a weighted statistical mixture of
the energy eigenstates {|0〉, |1〉} but it can equally be re-
garded as a statistical mixture of states described by the
Bloch vectors ~r± = (±
√
1− η2, 0, η) (see Fig. 1). We
will focus on these two decompositions of ρS and refer
to them as D1 and D2. It should be clear that D1 can
be obtained by a local measurement of ρS in the energy
basis whereas decomposition D2 can never arise from lo-
cal measurements (without post selection). On the other
hand, both decompositions can originate from an indirect
measurements on a pure, correlated system-environment
state. Any such state can be represented in the following
two-qubit form:
|Ψ〉SE =
√
1 + η
2
|1〉S ⊗ |1〉E +
√
1− η
2
|0〉S ⊗ |0〉E , (2)
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2where E denotes the environment. This state allows a
quantum Szila´rd demon to prepare both decompositions
in S by measuring E in either the σz- or σx-basis. Thus,
while in classical statistics a global picture does not pro-
vide any new information about the system than what
could also locally be obtained, in the quantum version
the demon might have fundamentally richer knowledge
than any possible local description could reflect.
In order to investigate the difference of a classical and
a quantum Szila´rd engine we introduce Alice and Bob.
Alice is the demon who can prepare the global state of
S and E . While she can perform measurements on E ,
she does not act directly on S since this would in gen-
eral disturb the thermal state and therefore change the
whole thermodynamical situation. For example all mea-
surements, apart from those which are diagonal in the
energy basis, would change the average inner energy of
the system [39]. Bob is an experimenter who has access
only to the system S and would like to extract work from
its Gibbs state. In his lab he finds two different kinds of
work storage cells (red and blue cells in Fig. 1) which he
would like to charge.
In each cell Bob can place a single qubit. After pressing
a button the cell performs a unitary transformation on
the qubit with the aim to transfer energy to the cell. In
order to conserve energy, the change of the inner energy
in the qubit due to this transformation has to be compen-
sated by an energy change in the work storage. Existing
models for this coupling usually rely on a work storage
which is prepared in a coherent state [7]. In the Sup-
plemental Material [40] we construct a different, though
for our purposes equivalent approach based on a collision
model. In any case in order to read out the extracted
work, the storage system has to be measured in its en-
ergy basis. Due to coherences in its initial preparation
this measurement will in general give random outcomes
which, however, reproduce the extractable work on aver-
age.
The red cells have two buttons which either trigger
the unitary transformation U1z = σx or U
0
z = 1 on the
qubit [40]. If Bob places a qubit in the state |1〉 into
a red cell and presses button 1 he will extract on aver-
age W 1z = 1 (if the state was |0〉 the work storage loses
energy). It is obvious that the red cells were designed
to extract work from decomposition D1. The blue cells
can also perform two different unitaries, either U+x or U
−
x
(see Fig. 1), on the qubit. Accordingly, these cells can be
used to extract work from decomposition D2. Without
any further information Bob will never be able to extract
work from the Gibbs state. Alice, being the demon, tells
him which state his system is in, so he can press the
correct button to extract work.
Let us first assume that Alice prepares the global state
ρD1SE =
1+η
2 |1〉〈1| ⊗ |1〉〈1|+ 1−η2 |0〉〈0| ⊗ |0〉〈0|, compatible
with the local Gibbs state. Bob places his qubit into a red
cell and asks Alice which button he should press. Alice
ρS
|+〉
|1〉
|−〉
|0〉
~r+~r−
U1z
U+xU
−
x
FIG. 1. Work extraction scenarios. Bob has blue and red
work extraction cells with locally thermal qubits. The re-
duced state ρS can be decomposed into statistical mixture
of |1〉 and |0〉 or the two states given by the Bloch vectors
~r±. Different unitaries can be used to bring the states to the
ground state extracting some work. The red cells can apply
the U1z and the identity operation. Qubits in the blue cells
can be manipulated by two unitaries U±x . Bob gets the in-
formation which unitary he should use from Alice. After the
coupling process the work storage is measured in its energy
basis.
measures E in the σz-basis and tells Bob to press the
button 1 if the outcome is 1 and button 0 if the outcome
is 0. The cell will apply either U1z or U
0
z. On average —
Bob has many red cells which he wants to charge — he
will extract W z =
1+η
2 because Alice tells him to press
button 1 with probability p1z =
1+η
2 .
If Bob wants to charge his blue cells, Alice could help
him by preparing the state ρD2SE = ρ+⊗|1〉〈1|+ρ−⊗|0〉〈0|,
where ρ± are the density matrices corresponding to the
Bloch vectors ~r±. Locally, the Gibbs state is again recov-
ered. Depending on her outcome, Alice tells Bob to press
either the button which applies U+x or U
−
x (see Fig. 1).
On average Bob can again extract W x =
1+η
2 = W z.
Thus, the decomposition D1 into energy eigenstates is by
no means better for the work extraction than decompo-
sition D2.
Both ρD1SE and ρ
D2
SE are separable and describe situations
where Alice exploits only classical correlations. We call
such a demon a classical one because the same result can
be obtained from a local classical statistical model for ρS
without any reference to a global quantum state ρSE .
When is the demon really quantum? — In the re-
mainder of this Letter we will consider the case where
Bob would like to charge both the red and the blue cells.
He has a N blue cells, M red cells and N+M thermal
qubits which he distributes among the cells. The ratio
between red and blue cells is given by c = NM . Subse-
quently, he announces the color of each single cell to Alice
and asks her which button he should press. In the end
he can read off the extracted work from each work meter
and average over them to see how efficient the procedure
has been. If Alice’s knowledge for each single qubit is
described by ρD1SE or ρ
D2
SE , his average work output in the
3limit N → ∞ can never reach the optimal W opt = 1+η2
(we assume that c > 0 is kept constant). The blue and
the red cells are not compatible to the same classical sta-
tistical mixture. On the other hand the entangled state
|Ψ〉SE in Eq. (2) would do the job. Alice could measure
either σz or σx depending on the color of the cell for which
Bob would like to know which button he should press. If
Alice is indeed a demon who can prepare Bob’s thermal
state to be the partial trace of a maximally entangled
state, he can extract the optimal average W opt.
The question now arises, under which conditions Bob
can be sure that Alice is a quantum demon, that is, that
there is no classical statistical model which also could ex-
plain his average work output. Bob does not know where
Alice’s knowledge comes from. He has no access to the
global state ρSE and, therefore, cannot check whether
the state is entangled. The only messages he gets from
Alice contain information about which button he should
press. Accordingly, Bob has to certify quantum corre-
lations without any assumptions about the properties
(for example the Hilbert space) of the environment E .
He only knows that he indeed has qubits in his lab and
that his work extraction cells work properly. In quan-
tum information theory such a semi-device-independent
entanglement verification task is called quantum steer-
ing. Successful steering has important implications on
the objectivity [41] of the local state in the system. In
a classical scenario the system state is always objective,
though unknown to Bob as long as the demon does not
share her knowledge with him. In the quantum case it
makes, in general, no sense to assign objective system
states at all, as long as no observation of the environ-
ment is made. Particularly, a thermalized quantum sys-
tem is not in one of its energy eigenstates and fluctuates
between them while time is running, if these fluctuations
are not given relative to measured states of the bath [42].
For a closer look on how steering can rule out objective
quantum dynamics see [41, 43, 44]. In our Szila´rd sce-
nario we can use these ideas as follows:
If a classical statistical description of Bob’s system S
holds, it can be represented by a state of the form
ρSE =
d∑
i
piρi ⊗ |i〉〈i|, (3)
with pi ≥ 0 and
∑d
i pi = 1 and {|i〉} being an ortho-
normal basis on a (possibly fictitious) Hilbert space of
dimension d. Furthermore Bob knows that this decom-
position has to reproduce his local Gibbs state
ρGibbsS =
d∑
i
piρi. (4)
Thus, among all the qubits Bob has placed into his red
and blue cells a fraction of pi will be in state ρi. Bob does
not know which state is in which cell but he assumes that
Alice knows the state ρi for all of them.
We will now calculate which average work Bob can
maximally obtain for a classical model based on a state
of the form (3). The best Alice can do if she knows
the state ρi for each cell is to tell Bob whether and
which button he should press in order to obtain the
maximal work output. Accordingly, for the red cells
Alice would tell him to press the button triggering U1z
whenever zi = Tr{σzρi} > 0 for the state in this cell.
The average work output for the red cells will then be
W z =
1
2
∑
i pi(|zi|+ η) [40]. For the blue cells Alice an-
nounces the button for U+x if xi = Tr{σxρi} > 0 and
the button for U−x if xi ≤ 0. On average the blue cells
will then reach W x =
1
2 (η + η
2 +
∑
i pi|xi|
√
1− η2) [40].
The work average over all cells which can be expected for
a classical model is, thus, given by W cl =
W z+cWx
1+c . For
the choice c = 1√
1−η2 we can bound the average work for
any classical model by [40]
W cl ≤
η
(√
1− η2 + η + 1
)
+
√
2− 2η2
2
(√
1− η2 + 1
) . (5)
This can be seen as a steering inequality. If Bob extracts
an average work beyond the classical limit W cl he can
be satisfied that Alice is indeed a quantum Szila´rd de-
mon who exploits non-classical correlations. Any local
statistical model has to be discarded in this case.
If Alice’s knowledge is described for example by the en-
tangled state (2), the work value which can be reached is
W qu = W opt =
1+η
2 . Thus, Alice can violate the inequal-
ity for η > −
√
2(
√
2− 1) ≈ −0.91, that is, for temper-
atures kBT > 0.33. For the case of infinite temperature
(η → 0) the steering inequality simplifies to W cl ≤ 12√2 ,
while W opt =
1
2 .
We should note that the steering inequality (5) is not
ideal for the detection of non-classical correlations in the
state |Ψ〉SE [45]. However, we have restricted Bob’s ob-
servables to a special class of operations, namely the work
extraction. It is therefore not surprising that the given
inequality cannot detect any steerable state [46]. It has
to be emphasized that the construction of the steering
inequality only depends on the device-dependent part of
the steering task, which is given by the Hilbert space of
Bob’s system S and the work extracting operations he
uses. There are no assumptions made about the struc-
ture of the environment or the operations Alice performs.
Quantum Szila´rd engine simulation We will now con-
struct an exemplary model, how the quantum correla-
tions Alice exploits can emerge from a thermalization
process. A suitable framework known from open quan-
tum system theory is based on collision models [47–49].
The dynamics – the thermal decay of Bob’s system – is
given by a sequence of short interactions between the sys-
4S C
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FIG. 2. Collision model which correlates Bob’s system with
Alice’s control qubit. The subenvironments are two-qubit sys-
tems E+E ′. E interacts with S, E ′ with C. After the thermal-
ization the system is placed in either a red or a blue cell and
Bob asks Alice which unitary he should use to extract work.
For the two kinds of cells she measures the control qubit in
different bases to answer this question.
tem and subenvironments. Initially each subenvironment
is in the two-qubit state
|Ψ〉EE′ =
√
1 + η
2
|11〉+
√
1− η
2
|00〉. (6)
The part E interacts with the system by a joint unitary
QSE = exp[−i
√
γ∆t SWAP], where γ is a positive cou-
pling constant, ∆t is a short time interval and SWAP
is the two-qubit swap-gate. The reduced dynamics for
Bob’s system is given by the one-collision map
ρ′S = TrEE′{Q(ρS ⊗ |Ψ〉〈Ψ|EE′)Q†}. (7)
A time-continuous limit may be obtained by expanding Q
to first order in ∆t and taking the limit ∆t→ dt [50]. The
steady state in Bob’s system is indeed the Gibbs state (1).
Instead of tracing out the environment and discarding the
information, Alice couples the part E ′ to another ancilla
qubit, called the control qubit C [51]. The interaction is
taken to be the same as the one between S and E , that
is QE′C = QSE . The full unitary transformation in the
collision model is then given by
TSEE′C = QSE ⊗ 1E′C + 1SE ⊗ QE′C , (8)
and the one-collision map for the joint state ρSC reads
ρ′SC = TrEE′{T(ρSC ⊗ |Ψ〉〈Ψ|EE′)T†}. (9)
The steady state of this dynamics is the state |Ψ〉SC =
|Ψ〉SE in Eq. (2), which Alice can use to violate the steer-
ing inequality (5).
Imperfect correlations The collision model described
above leads to a pure joint state |Ψ〉SC . This regime can
be seen as fully quantum, since all possible correlations
between the system and the bath are accumulated in a
single two-qubit state. Changing the initial states of the
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FIG. 3. The plot shows by how much Alice can violate the
classical work bound. For parameters in the region above the
red line she can convince Bob. For parameters in the region
below Bob can explain the extracted work with a classical
stochastic model.
subenvironments allows us to tune the scenario between
the fully quantum demon case and the classical demon
case. We consider the following mixture
ρEE′ = q ρqu + (1− q)ρcl, (10)
where ρqu = |Ψ〉〈Ψ|EE′ as in Eq. (6)
and ρcl is the classically correlated state
ρcl =
1+η
2 |1〉〈1|E ⊗ |1〉〈1|E′ + 1−η2 |0〉〈0|E ⊗ |0〉〈0|E′ .
The parameter q tunes between the fully quantum case
(q = 1) and the scenario which represents a classical
Szila´rd demon (q = 0). The extractable work under op-
tion (ii) is now W x =
1
2 (q + η + η
2 − qη2) [40]. Fig. 3
shows the relation between the non-classicality of the de-
mon and the two parameters η and q. For parameters
above the red line Alice can demonstrate that she is a
quantum Szila´rd demon.
Conclusion In this Letter we have shown how the
concept of quantum steering known from quantum infor-
mation theory can be applied to quantum thermodynam-
ics in order to rule out a classical description of quantum
heat engines. The violation of a steering inequality is
connected to the macroscopic average work. The differ-
ent observables on Bob’s side are hidden in the different
unitaries which he can apply to extract work. The use of
a quantum steering task for the verification of quantum-
ness is motivated by the asymmetric setting in quantum
heat engines. The work system under control is taken
to be the device-dependent part in the scenario, whereas
the environment is treated device-independently.
Our concept is of particular interest for the investi-
gation of bath-induced fluctuations in quantum thermo-
dynamics. A violation of the steering inequality rules
out any possible objective (though statistical) description
of fluctuations in the system. Notably, the assumption
that a system fluctuates between its energy eigenstates
5is not valid if genuine quantum correlations (those which
cannot be explained classically) are taken into account.
Statements about the fluctuations in the system can only
be made with respect to the observed fluctuations of the
environment which will strongly depend on how the en-
vironment is measured.
The authors would like to thank Dario Egloff for help-
ful comments on the manuscript.
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STOCHASTIC WORK EXTRACTION WHICH
IMPLEMENTS THE UNITARY ON THE SYSTEM
The work extraction is implemented by performing a
unitary on the system. The change of the inner energy
is regarded as the work performed (or absorbed) by the
system. However, this energy change has to be compen-
sated by an energy supply or storage. It has been shown
in [1] that arbitrary unitaries can in general only be im-
plemented in an energy conserving way if the system is
coupled to a work storage whose energy eigenstates are in
a coherent superposition. Therefore, an energy measure-
ment of the work storage system after the application of
the system’s unitary will only on average agree with the
change of the inner energy in the work medium.
Instead of a single work storage quantum system with
a single continuous degree of freedom [1] we formulate
the work extraction in a collision model approach which
reproduces the local unitary on the system and preserves
the energy on average. Thus, the mean value of extracted
work is equal to the change of the inner energy in the
work medium of the engine.
The local unitaries US implemented in the work stor-
age cells of the main text are rotations around the y-axis:
US = e−i
φ
2 σy . (1)
In a first step we construct this unitary from a collision
model. The system interacts with a sequence of ancilla
qubits. The interaction between the system and a single
ancilla is given by
USA = e−i∆φ(σ+⊗σ−+σ−⊗σ+). (2)
Each ancilla is initialized in the y-eigenstate |+y〉 =
1
2 (|0〉 + i|1〉). The map for the state of the system S
after a single collision can be written as:
ρ′S = TrA{USA(ρS ⊗ ρA)U†SA}
= TrA{USA(ρS ⊗ |+y〉〈+y|)U†SA} (3)
We assume each collision to be weak and expand the
interaction to first order in ∆φ, hence we get
ρ′S = ρS − i
∆φ
2
[σy, ρS ]. (4)
In the limit of infinitesimal steps ∆φ→ dφ we therefore
obtain the desired local unitary evolution US .
The ancillas as a stochastic work storage — The state
of a single ancilla after its collision with the system reads
to first order in ∆φ:
ρ′A = TrS{USA(ρS ⊗ ρA)U†SA}
= ρA + ∆φTr{σxρS}σz
= ρA + ∆φaσz, (5)
where a is the x-component of the state ρS . Thus, the
z-component of the ancilla after the interaction contains
information about the x-component of the system before
the collision.
The Hamiltonian of each ancilla is given by HA = σz.
Accordingly, the change of the average energy of a single
ancilla due to its collision with the work medium is given
by
∆E = Tr{HA(ρ′A − ρA)} = ∆φa. (6)
As we have derived above, the system state evolves under
the unitary US during the collisions. Thus, in a contin-
uous limit (∆φ→ dφ) the component a becomes a func-
tion of φ. Integrating over the average energy for all the
ancillas then yields:
W =
∫
a(φ) dφ. (7)
The φ-dependence of a is given by a(φ) = xi cos(φ) +
zi sin(φ), where xi and zi are the initial x- and z-
component of the system state. So, we have:
W =
∫ φ
0
a(φ′) dφ′ = zi − zi cos(φ) + xi sin(φ). (8)
This is exactly the change of the inner energy ∆ES un-
der a σy-rotation about an angle φ. Therefore, the con-
structed collision model is energy conserving. To use
the work, Bob can measure the ancillas which leads to a
stochastic amount of work which depends on how many
ancillas are measured to be in the |1〉 state. However, on
average over many work medium qubits, he can extract
W .
WORK EXTRACTION FOR A CLASSICAL
ENSEMBLE - INFINITE TEMPERATURE
For the limit of infinite temperature (η → 0) the local
Gibbs state is given by the fully mixed state ρGibbsS =
1
2 .
We will calculate the average work which Bob can expect
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2to extract with his red cells from a statistical ensemble
{ρi; pi}, where pi ≥ 0 and
∑
i pi = 1. Bob assumes
that Alice might know the current state ρi of his system
because of classical correlations with the environment. If
Alice indeed knows the current ρi, the best she can do is
to announce U1z whenever zi = Tr{σz ρi} > 0. These are
the states which have a higher energy than the average
Gibbs state. For zi = Tr{σz ρi} ≤ 0 Alice announces
U0z = 1 and Bob will leave his system unchanged.
For suitably many runs the work output averaged over
the ensemble {ρi; pi} reads
W z =
∑
i,zi>0
pi
(
Tr{HSρi} − Tr{HSU1zρiU1z†}
)
=
∑
i,zi>0
pi
(
1 + zi
2
− 1− zi
2
)
=
∑
i,zi>0
pizi
=
1
2
∑
i,zi>0
pizi +
1
2
∑
i,zi≤0
pi(−zi)
=
∑
i
pi
|zi|
2
, (9)
where the fourth line comes from∑
i
pizi =
∑
i,zi>0
pizi +
∑
i,zi≤0
pizi = 0 = Tr{σzρS}. (10)
We have to note that Bob does not know the ensemble
{ρi; pi}.
Bob assumes that Alice’s knowledge about his current
state does not depend on whether he has placed the qubit
in a red or a blue cell. Therefore, he takes the ensemble
{ρi; pi} to be the same also for the work extraction in
the blue cells. Of course, Alice again would announce
the unitary which leads to higher work extraction. Thus,
she tells him to perform U+x whenever xi = Tr{σx ρi} > 0
and U−x otherwise. For the work extraction under option
(2) we then find:
W x =
∑
i,xi>0
pi
(
Tr{HSρi} − Tr{HSU+x ρiU+x †}
)
+
∑
i,xi≤0
pi
(
Tr{HSρi} − Tr{HSU−x ρiU−x †}
)
=
∑
i
pi
1
2
(|xi| − zi)
=
∑
i
pi
|xi|
2
, (11)
where the last equality comes from
∑
i pizi = 0.
FINITE TEMPERATURE CASE
In order to respect the 〈σz〉 expectation value of the
Gibbs state we have:
η = Tr{σz ρGibbsS } =
∑
i
pizi
=
∑
i,zi>0
pizi +
∑
i,zi≤0
pizi. (12)
Thus, for the zi > 0 we get:
1
2
∑
i,zi>0
pizi =
1
2
η − 1
2
∑
i,zi≤0
pizi (13)
=
1
2
η +
1
2
∑
i,zi≤0
pi|zi| (14)
and we find:
W z =
∑
i,zi>0
pizi
=
1
2
∑
i,zi>0
pizi +
1
2
∑
i,zi≤0
pi|zi|+ η
2
=
1
2
∑
i
pi(|zi|+ η) = 1
2
(
η +
∑
i
pi|zi|
)
. (15)
The unitaries for option (ii) are given by:
U+x =
(
−
√
1−η√
2
√
η+1√
2√
η+1√
2
√
1−η√
2
)
, U−x =
( √
1−η√
2
√
η+1√
2
−
√
η+1√
2
√
1−η√
2
)
.
(16)
The expected work output then is.
W x =
∑
i,xi>0
pi
(
Tr{HSρi} − Tr{HSU+x ρiU+x †}
)
+
∑
i,xi≤0
pi
(
Tr{HSρi} − Tr{HSU−x ρiU−x †}
)
=
1
2
∑
i
pi(zi(1 + η) + |xi|
√
1− η2)
=
1
2
(
η + η2 +
∑
i
pi|xi|
√
1− η2
)
. (17)
To obtain the steering inequality in the finite temperature
case we calculate the expected classical work for the ratio
3c = 1√
1−η2 of red and blue cells:
W cl =
W z + cW x
1 + c
=
1
2
η + c(η + η2) +
∑
i pi(|zi|+ |xi|)
1 + c
≤ 1
2
η + c(η + η2) +
√
2
1 + c
=
η
(√
1− η2 + η + 1
)
+
√
2− 2η2
2
(√
1− η2 + 1
) . (18)
EXTRACTABLE WORK UNDER IMPERFECT
CORRELATIONS
We consider correlations between system and environ-
ment which are described by the state:
ρSE = qρqu + (1− q)ρcl, (19)
as described in the main text. For the red cells Alice
can help Bob to still extract on average W z =
1+η
2 . For
the blue cells we now have W x =
1
2 (q + η + η
2 − qη2).
Weighted with c, therefore, the average amount of work
will be:
W qu =
(η + 1)
(√
1− η2 + η − ηq + q
)
2
(√
1− η2 + 1
) . (20)
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